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Some application of point processes

§ Renewal of interest in point processes in the past years.

§ Flexibility allows for the modeling of a wide range of phenomena in:

Finance and Insurance (Dassios and Zho (2011), Giesecke and Kim

(2011), Bacry et al. (2015), Jaisson and Rosembaum (2015), El

Euch et. al. (2016)...)

Neurosciences (Reynaut Bouret et al. (2013), Chevallier et al.

(2015), Galves and Löcherbach (2016)...)

Individual-based model in biology and ecology (Fournier and Méléard

(2004), Champagnat et al. (2006), Méléard and Tran (2010), Billard

et al (2016)...)

Chemical reactions (Andersen and Kurtz (2015))

Epidemiology, cyber risk...

§ Human longevity?

2/66



Point processes and longevity

§ Observed data: population data (birth, death count).

ë longevity indicators (life expectancy, death rates,...) are a

by-product of the population dynamics.

§ Individual-based model for human populations (Bensusan (2010),

Boumezoued and El Karoui (2016)).

§ Issues:

Non-stationarity, influence of macro-environment (El Karoui et al.

(2018)).

High heterogeneity: Structured population.

Interactions ñ non-linearity.

§ Need for probabilistic tools to deal with this complexity.
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Point processes

§ General theory on point processes measures : 60-70’s.

§ Several viewpoint to define point processes:

Random counting measures (static).

Random sets (static).

In certain cases: Counting processes (multivariate, marked),

Dynamic viewpoint.

§ Central concept: Intensity (measure).

But not sufficient to defined point processes in general settings.

§ Pathwise construction.
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1 Some generalities on point processes

2 Pathwise representation of point processes in random environment

Process with bounded intensity

General case

A first “converse result”

3 Strong comparison of point processes

Point processes with ordered intensities

General case

Converse result

4 Birth-Death-Swap process in random environment
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Outline

1 Some generalities on point processes

2 Pathwise representation of point processes in random environment

3 Strong comparison of point processes

4 Birth-Death-Swap process in random environment
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Notations

§ Filtered probability space pΩ, pGtq,Pq.

§ E Polish space and E its Borel σ-algebra.

§ PpGtq σ-algebra of predictable processes generated by processes

Ct “ H1st0,t1sptq, t ě 0, H P Gt0 .
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Random counting measure

Definition (Random counting measure/Point process (simple))

A random counting measure is a random measure M : Ωˆ E Ñ N̄ such

that Mω : A P E ÞÑ Mpω,Aq is a purely atomic and its every atom has

weight one, a.s.

§ Equivalent viewpoint: M is a r.v taking values in the space of

counting measures.

§ Mean measure of M:

µpAq “ ErMpAqs.

§ For any nonnegative measurable function f (f P E`),

Mpf qpωq “

ż

E

f pxqMpω,dxq.
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Some properties of random measures

§ Example M is a Poisson random measure with measure µ if:

@A P E , MpAq „ PpµpAqq
if A1, . . . ,Ap are disjoints then MpA1q, . . . ,MpApq are independent.

§ Proposition 1 The probability law of a random (counting)

measure M on pE , Eq is uniquely determined by its Laplace

functional,

Erexpp´Mpf qqs, f P E`.
Poisson measures: Erexpp´Mpf qqs “ expp´

ş

p1´ ef qdµq.

§ Proposition 2 The probability law of a random counting measure

M on pE , Eq is uniquely determined by the set of avoidance

probabilities:

PpMpAq “ 0q, A P E .

If PpMpAq “ 0q “ e´µpAq with µ sigma-finite, then M is a Poisson

measure.
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Point process viewpoint

§ The point process associated with a sequence pXi q of pE , Eq-random

variables is defined for all A P E by

MpAq “
ÿ

i

1ApXi q, pM “
ÿ

i

δXi q.

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

ϕt

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

§ Random set viewpoint: Mpωq “ tx P E ; x “ Xi pωq for some iu.
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Point process viewpoint

The point process associated with a sequence pXi q of pE , Eq-random

variables is defined for all A P E by

MpAq “
ÿ

i

1ApXi q, pM “
ÿ

i

δXi q.

§ Mpf q “
ş

E
f pxqMpω,dxq “

ř

i f pXi q.

§ Proposition: If M is a random counting measure and µ is σ-finite,

M “
ÿ

i

δXi ,

with pXi q a sequence of r.v taking values on a enlargement pĒ , Ēq of

pE , Eq.
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Point processes on the half line

Case E “ R`.

§ Atoms can be ordered: pXi q Ñ increasing sequence pTnqnPN.

§ Associated counting process

Nt “ Nps0, tsq “
8
ÿ

n“1

1tTnďtu.

(Source: Bremaud)
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Point processes on the half line

Case E “ R`: dynamic viewpoint.

§ Associated counting process

Nt “ Nps0, tsq “
8
ÿ

n“1

1tTnďtu.

§ The random measure is seen as a r.v taking values in the space A of

counting functions.

§ If N is adapted to a filtration pGtq, for C P PpGtq

ż t

0

CsdNs “
ÿ

ně0

CTn1tTnďtu
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Poisson process

§ Dynamic viewpoint Let N be a counting process adapted to a

filtration pGtq. Then N is a pGtq-Poisson process if:

(i) Independent increments:

Ns`h ´ Ns KK Gs .

(ii) Stationary increments:

Npss, s ` hsq “ Ns`h ´ Ns
d
“ Nhp„ Ppλhqq.

§ Point process viewpoint

N “
8
ÿ

n“1

1tTnďtu, pSnqně1 “ pTn ´ Tn´1qně1 i.i.d „ Epλq.

§ Random measure viewpoint For any f P E`,

Ere´Npf qs “ expp´

ż

R`

p1´ e´f psqqνpdsqq, ν “ λ Leb.
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Intensity and martingale property

Let N be a pGtq Poisson process with intensity λ.

§ Let Cs “ 1H1st0,t1spsq with H P Gt0 . Then,

Er

ż 8

0

CsdNs s “ Er1HpNt1 ´ Nt0qs “ Er1H sλpt1 ´ t0q “ Er

ż 8

0

Csλdss

§ Generalization to nonnegative predictable processes C P PpGtq:

Er

ż 8

0

CsdNs s “ Er

ż 8

0

Csλdss. (1)

§ Equivalent property:

pNt ´ λtq is a pGtq-martingale.

§ (1) can be generalized to define the intensity process of a counting

process.
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General case: stochastic intensity

Definition (Stochastic intensity (Bremaud))

Let N be an adapted counting process, and pλtq a nonnegative

pGtq-process with

@t ě 0,

ż t

0

λsds ă 8a.s.. (2)

Then, N admits the pGtq-intensity pλtq if for all nonnegative predictable

process C

Er

ż 8

0

CsdNs s “ Er

ż 8

0

Csλsdss. (3)

§ (2) is a non-explosion condition.

§ Equivalenty: pNt ´
şt

0
λsdsq is a pGtq local martingale.

§ The existence of an intensity has to do with the absolute continuity

of the predictable compensator A of N w.r.t Leb. If λ exists,

At “
şt

0
λsds.
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Examples and uniqueness

§ Non-Homogeneous Poisson processes (NHP) pλtq “ pf ptqq

is a deterministic function.

§ Cox/Doubly stochastic Poisson processes

pλtq is G0-measurable.

(Nt ´ Ns is independent of Gs given G0)

§ Uniqueness of intensity process In order to be unique, pλtq should

be taken predictable.

§ Does the intensity process characterizes the probability distribution

of a counting process?
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Martingale characterization

Let us come back to the example of the Poisson process:

Theorem (Martingale characterization of Poisson processes (Watanabe))

Let N be a counting process and f a locally integrable nonnegative

function such that N ´
şt

0
f psqds is pGtq-martingale.

Then N is a pGtq-non homogeneous Poisson process of intensity function

f .

§ Extension The result still holds for Cox processes (Bremaud)

§ Sketch of the proof:

Use (3) to show that pZtq “ pe
iuNt´

şt
0pe

iu´1qf psqdsq
q is a

pGtq-martingale.

Laplace functional characterization.
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General case(I)

Does the intensity process characterizes the probability distribution of a

counting process?

ë NO without further assumptions.

§ Intensity process is often a function of the counting process itself.

§ Examples

Pure Birth process with immigration: λs “ a` bNs .

Such a process is a Continuous Time Markov Chain (CTMC).

T1,T2 ´ T1,T3 ´ T2, . . . are independent and Tk`1 ´ Tk „ Epa` kbq.

(Linear) Hawkes process:

λs “ a`

ż s

0

hps ´ rqdNr .

λs “ f prNss´q, with rNss “ pNt^sqtě0 and f : n P A ÞÑ pa`
şs

0
hps ´ rqdnprqq.

In particular, if pf prNst´qq is the pGtq-intensity of N then pf prNst´qq

is also its pFN
t q intensity.
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General case(II)

Theorem (Jacod 75 (partial))

Let λ : Ωˆ R` ˆAÑ R` a pGtq-predictable functional such that for all

counting path n P A and t ě 0, λpω, t, rnsq P G0.

Then if two counting processes N and N 1 have respective pGtq intensities

pλpω, t, rNst´qq and pλpω, t, rN 1st´qq, then N and N 1 have the same

distribution.

§ Also weak existence result (under additional assumptions).

BUT

Random environment/external noise is G0-measurable “known at time 0”.

ë Stochastic intensity not sufficient to introduce a counting process.
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Space-time point process

Result originally stated for Marked point processes.

§ Space-time point process

Random counting measure N on R` ˆ E .

Defined relatively to pGtq if for all A P E , Npr0, ts ˆ Aq P Gt
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Space-time point process

Result originally stated for Marked point processes.

§ Space-time point process

Random counting measure N on R` ˆ E .

Defined relatively to pGtq if for all A P E , Npr0, ts ˆ Aq P Gt
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Marked point process

§ Space-time point process

Random counting measure N on R` ˆ E .

Defined relatively to pGtq if for all A P E , Npr0, ts ˆ Aq P Gt

§ Marked point process on pR` ˆ E ,BR` ˆ Eq.

NtpAq “ Npr0, ts ˆ Aq “
ÿ

n

1tTnďtu1ApXnq,

with pTnq increasing sequence and pXnqně0 sequence of r.v

taking values in the mark space E .

In particular, pNtpE qq is a counting process.

§ All space-time point processes are not Marked point processes!
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Examples (Marked Point processes)

§ Multivariate counting process E “ tx1, . . . , xpu

N i
t “ Ntptiuq “

ÿ

n

1tTnďtu1tXn“xiu, i “ 1, ..., p.

Pure birth marked by discrete frailty variables, interacting Hawkes

processes...

Usual hypothesis: components of pN1, ...,Np
q have no jumps in

common.

§ Compound Poisson process pTnq are jump times of a Poisson

process, marks pXi q are i.i.d „ π and KK of pTnq.

A compound Poisson process is a Poisson random measure of mean

measure λds b π.
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pGtq Poisson measures (I)

Let γ be a sigma-finite measure on pE , Eq.

Definition (Space-time pGtq Poisson measure)

Qpdt,dxq is a pGtq-Poisson measure on R` ˆ E of mean measure

dt b γpdxq iff @A1, ...,An disjoint sets with γpAi q ă 8, the counting

processes QtpAi q defined for i “ 1..p by

QtpAi q “ Qpr0, ts ˆ Ai q, @t ě 0

are independent Gt-Poisson processes of intensity γpAi q.

§ If E “ txu, Q is a pGtq-Poisson process of intensity γptxuq.

§ When γ is finite, Q “ tpTn,Xnqu is a compound Poisson process. It

particular, its jump times can be enumerated increasingly.

It is not the case when γ is only sigma-finite.
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pGtq Poisson measures (II)

Definition (Space-time pGtq Poisson measure)

Qpdt,dxq is a pGtq-Poisson measure on R` ˆ E of mean measure

Lebpdtqγpdxq iff @A1, ...,An disjoint sets with γpAi q ă 8, the counting

processes QtpAi q defined for i “ 1..p by

QtpAi q “ Qpr0, ts ˆ Ai q, @t ě 0

are independent Gt-Poisson processes of intensity γpAi q.

ErQtpAqs “ tγpAq ô

Er

ż

R`ˆE

1r0,tsˆAps, xqQpds,dxqs “ Er

ż

R`ˆE

1r0,tsˆAps, xqγpdxqdss.

§ Generalization to predictable processes pG ps, xqq P PpGtq b E

Er

ż

R`ˆE

G ps, xqQpds,dxqs “ Er

ż

R`ˆE

G ps, xqγpdxqdss.
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Stochastic intensity

Stochastic intensity of space-time point process N

Predictable random measure λpω, s,dxq such that for all G P PpGtq b E

Er

ż

R`ˆE

G ps, zqNpds,dzqs “ Er

ż

R`ˆE

G ps, zqλps,dxqdss. (4)

Equivalently,

The counting process pNtpAqq has the pGtq intensity pλtpAqq “ p
ş

A
λpt,dxqq.

§ pGtq intensity of Poisson random measure : λps,dxq “ γpdxq.

§ The pGtq multivariate intensity of a multivariate counting process

N “ pN1, ...,Npq is the vector λ “ pλ1, ..., λpq of the components

pGtq-intensity processes.
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Characterization of space-time point processes

§ A Poisson measure is uniquely characterized by its intensity.

§ If Gt “ G0 _ σpNspBq : s ď t, B P Eq, then two marked point

processes with pGtq intensity pλpt,dxqq have the same distribution.

But

§ Poor structure random environment/external noise which is

G0-measurable.

§ Existence results in distribution, no pathwise construction.
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Outline

1 Some generalities on point processes

2 Pathwise representation of point processes in random environment
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Pathwise representation of point processes

Two main approaches:

§ Multiple random time changes (Kurtz (1980), Garcia (1995), Garcia

and Kurtz (2008)).

§ Thinning and projection of Poisson measures

Population dynamics (Fournier and Méléard (2004), Garcia and

Kurtz (2006), Méléard and Tran (2009), El Karoui and Boumezoued

(2016)), interacting Hawkes processes (Chevallier et. al (2015),

Delattre et al (2016),..), PDP (Lemaire et al. (2018)...)

General construction in the spirit of Massoulié (1998): Point

processes described by an intensity process+ Poisson measure.

First step: How to simulate a counting process with bounded intensity

λt ď λ̄?

§ Naive idea: take Nλ
t “

şt

0

λs

λ̄
dNs with N Poisson process of intensity

λ̄. pNλ
t ´

şt

0
λsdsqtě0 is a local martingale.

But Nλ is not a counting process.

§ Solution: Increase space dimension and represent space-time point

processes as strong solutions of SDEs driven by Poisson measures.

29/66



Pathwise representation of point processes

Two main approaches:

§ Multiple random time changes (Kurtz (1980), Garcia (1995), Garcia

and Kurtz (2008)).

§ Thinning and projection of Poisson measures

General construction in the spirit of Massoulié (1998): Point
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Thinning with bounded intensity

Simulation of counting process N with given (stochastic) bounded

intensity λt ď λ̄ (Lewis and Shedler (1979)):

1 Take Q Marked Poisson measure on R` ˆ r0, 1s with intensity

λ̄ds b du:

Qpds, duq “
ř

ně1
δTnpsqδUnpuq

with

pTnqně1 jump times of Poisson process of intensity λ̄.

pUnqně1 i.i.d variables on r0, 1s.

2 Accept Tn as jump time of N if

Un ď
λTn

λ̄
.
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NHP with intensity λt “ e´βt

Step 1: Simulation of tpTn,Unqně0u.
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λTn
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NHP with intensity λt “ e´βt

Step 3: Projection on R`
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Thinning equation: bounded case (I)

Nt “
ÿ

ně1

1tTnďtu1
tUnď

λTn
λ̄
u
“

ÿ

ně1

1tTnďtu1DλpTn,Unq,

with Dλ the predictable set:

Dλ “ tps, uq; u ď
λs

λ̄
u.

Thinning equation associated with simulation

Step 2 Projection of Q on Dλ:

QDpds, duq “ 1Dλps, uqQpds, duq “
ř

ně1
1DλpTn,UnqδTnpsqδUnpuq.

Step 3 Projection on R`:

Nλ
t “

ż t

0

ż

r0,1s

QDpds, duq “

ż t

0

ż

r0,1s

1
tuďλs

λ̄
u
Qpds, duq.
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Thinning equation: bounded case (II)

§ Stochastic intensity: Let C P PpGtq

Er

ż t

0

CsdN
λ
s s “ Er

ż t

0

ż

r0,1s

Cs1tuďλs
λ̄
u
Qpds, duqs
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“ Er

ż t

0

ż

r0,1s

Cs1tuďλs
λ̄
u
λ̄dudss

“ Er

ż t

0

ds

˜

Cs λ̄

ż

λs
λ̄

0

du

¸

s “ Er

ż t

0

Csλsdss
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Thinninq equation: General case

t

✓

Space-time pGtq Poisson measure Q on R` ˆ R` of mean measure

dt b dθ.

No increasing enumeration of jumps times.
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Thinninq equation: General case

Given a predictable process pλtqtě0 with
şt

0
λsds ă `8 a.s. @t ě 0

(nonexplosion condition)

t

✓

{(t, ✓); ✓  �t}

✓ = �t

Restriction to predictable subset:

tps, θq; θ ď λspωq, s ď tu
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Thinninq equation: General case

t

✓

✓ = �t

{(t, ✓); ✓  �t}

· · ·T4T3T2T1

“Theoretical” Thinning

Nλ
t “

şt

0

ş

R` 1tθďλsuQpds,dθq is a counting process of pGtq-intensity λt .
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Some remarks

§ General case: Thinning does not give a simulation procedure.

§ Bounded case: Q can replaced by 1tuďλ̄uQ Poisson measure of

intensity ds b 1tuďλ̄udu.

„ Compound Poisson process of mean measure λ̄ds b
1

λ̄
1tuďλ̄udu.

§ pλsq does not characterizes the distribution of N.

Nλ
t “

ż t

0

ż

R`

1tuďλsuQpds,duq. (5)

§ Space-time point processes of pGtq intensity λps,dxq “ µps, xqγpdxq:

Nλpdt,dxq “

ż t

0

ż

R`ˆE

1tuďµps,xquQpds,du,dxq.

with Q pGtq space-time Poisson measure on R` ˆ R` ˆ E of mean

measure ds b dθ b γpdxq.
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SDE driven by Poisson measure

§ When λt “ αpω, t, rNst´q is a functional of N, (5) ñ SDE driven by

Q:

Nα
t “

ż t

0

ż

R`

1tθďαps,rNαss´ quQpds,dθq, dNα
t “ Qpdt, s0, αpt, rNαst´qsq

§ Existence of a well-defined (non-exploding) solution?

If α is uniformly bounded by a constant λ̄: same as in bounded case

(recursive procedure).

Even in simpler case α is not uniformly bounded.

Example: Linear birth process, λt “ bNt´ .

§ In the following: Existence, uniqueness and nonexplosion by strong

domination.
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“Converse” result (I)

If a counting process Nλ admits a pGtq-intensity pλtq,

is there a representation of Nλ in terms of stochastic integral with

respect to some Poisson process?

§ YES: see e.g. Grigelionis (1971), Jacod (1980), Massoulié (1998).

§ Ingredients:

A space-time Poisson measure Q̂pds, dθq of intensity ds b dθ and

independent of G8.

A sequence of i.i.d variables pUnqně0 uniform on r0, 1s and

independent of G8.
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§ Ingredients:

A space-time Poisson measure Q̂pds, dθq of intensity ds b dθ and

independent of G8.

A sequence of i.i.d variables pUnqně0 uniform on r0, 1s and

independent of G8.

40/66



“Converse” result (II)
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“Converse” result (II)
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Sketch of the proof

1 Let Qpds,dθq “
ÿ

ně1

δTnpsqδpλTnUnqpθq `

ż

R`ˆR`

1tθěλsuQ̂pds,dθq.

2 Show that Nλ
t “

ż t

0

ż

R`

1tθďλsuQpds,dθq.

3 Show that Q is a space time Poisson measure of mean measure

ds b dθ.
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Outline

1 Some generalities on point processes

2 Pathwise representation of point processes in random environment

3 Strong comparison of point processes

Point processes with ordered intensities
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Converse result

4 Birth-Death-Swap process in random environment
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A standard nonexplosion criterion

Existence of non-exploding solution to:

Nα
t “

ż t

0

ż

R`

1tθďαps,rNαss´ quQpds,dθq, dNα
t “ Qpdt, s0, αpt, rNαst´qsq?

A standard assumption

§ Sublinear growth:

αpω, s, rnsq ď c ` bnpsq

§ Example: Linear Hawkes process (αps, rnsq “ b `
şs

0
hps ´ rqdnpsq)

with bounded h.

§ Under this assumption:

ErNα
t s “ Er

ż t

0

αps, rNαss´qdss ď Er

ż t

0

pc`bNα
s´qdss “ ct`

ż t

0

bErNα
s´sds.

Gronwall lemma: ErNα
t s ď cebt . 44/66



Strong comparison of point processes

§ Issue: domination by deterministic function, linear assumption can

be relaxed (Markov case).

§ Existence, uniqueness and nonexplosion by strong domination.

§ Comparison of counting processes with ordered intensity processes:

Preston (1975), Bhaskaran (1986), Rolski and Szekli (1991), Bezborodov

(2015)).

§ Pathwise representation: well-adapted to study this problem,

simplifies proofs significantly, “strong” pathwise comparison.
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Outline

1 Some generalities on point processes

2 Pathwise representation of point processes in random environment

Process with bounded intensity

General case

A first “converse result”

3 Strong comparison of point processes

Point processes with ordered intensities

General case

Converse result

4 Birth-Death-Swap process in random environment
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Example NHPs with exponential intensities

λ2ptq “ e´0.2t ď λ1ptq “ e´0.1t .
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Counting processes with ordered intensity

Let N1 and N2 two counting processes with ordered pGtq-intensities:

λ2
t ď λ1

t t ě 0,

and defined by:

N i
t “

ż t

0

ż

R`

1tuďλi
su
Qpds, dθq, i “ 1, 2.

§ tu ď λ2
s u Ă tu ď λ1

s u so that N2
t ď N1

t , @t ě 0.

Stronger result

§ Let Q1pds, dθq “ 1tuďλ1
s u
Qpds, dθq “

ÿ

ně1

δT 1
n
psqδθnpθq,

N1
t “

ż t

0

ż

R`

Q1pds, dθq, N2
t “

ż t

0

ż

R`

1tuďλ2
s u
Q1pds, dθq.

N2
t “

ř

ně1 1tT 1
nďtu1tθnďλ2

Tn
u All jumps of N2 are jumps of N1
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Strong domination of space-time point

processes

§ A space-time point process N2 is strongly dominated by

space-time point process N1, N2 ă N1 if

N1 ´ N2 is a space-time point process.

§ Example of counting processes:

N2 ă N1 ô all jumps of N2 are jumps of N1.

§ Property If two counting processes N1 and N2 have ordered

intensities and are generated with the same Poisson measure, then

N2 ă N1.

Difficulty:

§ When λt “ αpω, t, rNst´q: natural order of random intensity

functionals does not necessary imply an order on intensities

processes.
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Strong order of intensity functionals

§ Let α, β : Ωˆ R` ˆAÑ R` two pGtq-predictable functionals.

α is strongly majorized by β, α ďs β if

@t ě 0, sup
rmsărns

αpt, rmsq ď βpt, rnsq a.s. (6)

§ Example αpt, rnsq “ λt `
şt

0
h1pt ´ sqdnpsq and

αpt, rnsq “ λt `
şt

0
h2pt ´ sqdnpsq with 0 ď h1 ď h2.
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Construction by strong domination (1D case)

Proposition (El Karoui, K.)

Assume that there exists a unique well-defined solution Nβ of:

dNβ
t “ Qpdt, s0, βpt, rNβst´qsq.

(i) Then, for all α ďs β, there exists a unique solution of the SDE

dNα
t “ Q

`

dt, s0, αpt, rNαst´qs
˘

. (7)

(ii) Furthermore, Nα is strongly dominated by Nβ (Nα ă Nβ), i.e.

Nβ ´ Nα is a counting process (jump times of Nα “ jump times of Nβ).
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Application to nonexplosion criteria (I)

α ďs β ñ

Nα
t “

ż t

0

ż

R`

1θďαpt,rNαst´qQpds,dθq ă Nβ
t “

ż t

0

ż

R`

1θďβpt,rNβst´q
Qpds,dθq

§ Pathwise comparison result: Nα
t ď Nβ

t , for f nonnegative function
ż t

0

f psqdNα
s ď

ż t

0

f psqdNβ
s ,...

§ A first application: case βpt, rnsq “ c ` bnptq

Nβ is a Markov birth process of pGtq-intensity pc ` bNβ
t q. Its

distribution does not depends on Q.

α ďs β corresponds to Sublinear growth condition.

ñ Nα
t ď Nβ

t ă 8, for all t ě 0.
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Application to nonexplosion criteria (II)

Goal Define a class of dominating intensity functionals β associated with

nonexploding processes.

§ Preceding proof does not rely on the linearity of

βpt, rnsq “ c ` bnptq.

§ Extension to nonlinear dominating intensities

Markov birth processes (βpt, rnsq “ gpnptqqq): n.s.c for

nonexplosion
ÿ

j“0

1

gpjq
“ 8. (8)

If α ďs g with g verifying (8), unique nonexploding solution

Nα of (7).

Sometimes known as the Jacobsen condition (proof without

pathwise representation much harder!).
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Application to nonexplosion criteria (III)

Goal Define a class of dominating intensity functionals β associated with

nonexploding processes.

§ A second application: if α ďs pλtq with
şt

0
λsds ă 8, then

unique nonexploding solution Nα of (7).

§ Corollary of the proposition

If α ďs β with βpt, rnsq “ ktgpnptqq, pktq predictable locally

bounded process and g verifying
ř

1
gpjq , then (7) admits a unique

well-defined solution Nα.
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Other following results

§ Corollary 2: @ α ďs β, the sequence of jump times of Nβ is a

localizing sequence of the local martingales Nα
t ´

şt

0
αps,Nα

s qds.

§ Corollary 3: Let pαi qiPI be a family of intensity functionals with

αi ďs β and:

dN i
t “ Qpdt, s0, αi pt, rNst´qsq

Then pN i qiPI is tight.

§ Straigthforward extension to strong comparison for space-time point

processes.
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Sketch of the proof

α ďs β = Nβ ,

dNα
t “ Qpdt, s0, αpω, t,Nα

t´qsq ? (9)

§ Step 1: replace Q by

Qβpdt,dθq “ 1tθďβpt,rNβst´ quQpdt,dθq “
ř

ně1 δTβ
n
pdtqδθnpdsq

dÑα
t “ Qβpdt, s0, αpω, t, Ñα

t´qsq. (10)

Jumps times of Qg can be enumerated increasingly ñ (10).

§ Step 2: show equality between (9) and (10).

Remark The proof also gives a simulation algorithm.
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Converse result (I)

Let Nλ withpGtq- intensity pλtq and such that Nα ă Nβ .

Is there a representation of Nλ in terms of stochastic integral with

respect to a marked process with same jumps than Nβ?

§ YES

§ Ingredients:

A sequence of i.i.d variables pUnqně0 uniform on r0, 1s and

independent of G8.

A sequence of i.i.d variables pVnqně0 uniform on r0, 1s and

independent of G8.

§ See also Rolski and Szekli (1991) (distributional viewpoint)
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Converse result (II)

Notations:

X “ Nα, X c “ Nβ ´ Nα, φt “
λt

λβt
ď 1.

T1 = T X
1

1

T2 = T Xc

1 T3 = T Xc

2 T4 = T X
2 T5 = T Xc

3

U1�T1

�T2
+ (1 � �T2

)V1

�T3
+ (1 � �T3

)V2

U2�T4

�T5
+ (1 � �T5

)V3

ϕt

Corollary Two counting processes with the same intensity functional and

strongly dominated by the same process have the same distribution.
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Birth Death Swap (BDS) systems

An example of BDS system

Sous groupe 1 Sous groupe 2 Sous groupe 3

Naissance/ArrivéeMort Swap (3, 2)

Swap (2, 3)

Environnement ,€

§ The variability of the environment is taken into account ñ

stochastic intensities:

Pp ev of type γ Pst, t ` dts|Gtq » µγpω, t,Ztqdt.
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