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@ Important volumes of American options traded in exchange markets

@ Typically only American options (and no European option) are traded on
individual stocks (as opposed to stock indexes)

Question

o Calibration of a stochastic model (say local volatility) to American options
data?
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@ The calibration of a model to American options is possible with pricing via
(for example)

» free-boundary PDE
» tree methods

+ a least-square optimization
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@ The calibration of a model to American options is possible with pricing via
(for example)

» free-boundary PDE
» tree methods

+ a least-square optimization

@ Other recipes from industry practice :

» compute implied volatility from America options

» input this smile as if it was European ~ then calibrate a model with
standard methods (ex. local volatility from Dupire’s formula).

> Issues : consistency, lack of a unique smile for American options,...

In this presentation :
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@ The calibration of a model to American options is possible with pricing via
(for example)

» free-boundary PDE
» tree methods

+ a least-square optimization

@ Other recipes from industry practice :

» compute implied volatility from America options

» input this smile as if it was European ~ then calibrate a model with
standard methods (ex. local volatility from Dupire’s formula).

> Issues : consistency, lack of a unique smile for American options,...

In this presentation :

@ Refined asymptotics for the exercise boundary close to maturity

@ Semi-closed approximation for the American put price in terms of a
parametric European smile
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@ The calibration of a model to American options is possible with pricing via
(for example)

» free-boundary PDE
» tree methods

+ a least-square optimization

@ Other recipes from industry practice :

» compute implied volatility from America options

» input this smile as if it was European ~ then calibrate a model with
standard methods (ex. local volatility from Dupire’s formula).

> Issues : consistency, lack of a unique smile for American options,...

In this presentation :
@ Refined asymptotics for the exercise boundary close to maturity

@ Semi-closed approximation for the American put price in terms of a
parametric European smile

» A calibration recipe for American options
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Reminder : calibration of local volatility to European
options
dXt = rXtdt + O'(t, Xt)th
@ P(T,K)=E[e "T(K — X7)*] denotes the Put price

Dupire forward PDE :

OTP(T,K) + rKoxP(T,K) = %U(T, K)ok P(T, K)

~~ can reconstruct the local volatility function o(-) from the observed put
prices P(-) : Dupire's formula

o(T, k)7 = OTPTK) & KO P(T. K)
Lk P(T, K)
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Reminder : pricing of American options !

dXt — rXtdt + O'(Xt)th

@ American put : holder gets (K — X, )" if exercised at 7 < T

@ Valuation : several formulations

1. here without dividends
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Reminder : pricing of American options !

dXt — rXtdt + O'(Xt)th

@ American put : holder gets (K — X, )" if exercised at 7 < T
@ Valuation : several formulations

» Bensoussan 84, Karatzas 88 : optimal stopping problem

u(t,x) = sup E e”(T’t)(K—X;’X)J’]
TE[t,T]

1. here without dividends
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Reminder : pricing of American options !

dXt — rXtdt + O'(Xt)th

@ American put : holder gets (K — X, )T if exercised at 7 < T
@ Valuation : several formulations

» Bensoussan 84, Karatzas 88 : optimal stopping problem

u(t,x)= sup E e*r(T*t)(KfXﬁ’X)J“]
TE[t,T]

» Free-boundary PDE (dates back to McKean 65)

Oeu + rxOeu + 20 (x)20u—ru=0 t < T,x> x(t)

u(t,x) = (K —x)* t< T,x <x(t)
u(t,x) > (K —x)* t< T,x > x(t)
u(T,x)=(K—-x)* t=T,x>0.

x(t) =inf{x > 0: u(t,x) > (K — x)"} is the exercise boundary.

1. here without dividends
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American put : exercise boundary

Exercize boundary
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Yet a reminder : exercise boundary & early premium

Early premium formula for the American Put
.
u(t,x) =E [e"T(K — X)) + rK / E [e—f(s—%x;,x | dS
t

;
= P (T,K) + rK / e "CTIF, (s, x(s))ds
t

See McKean 65, Moerbeke 76, Myneni 92 (and many others)
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Exercise boundary close to maturity

@ 7 : time to maturity.

@ Parabolic behavior /7 with logarithmic correction :
1
x(T—-7)~K—-0(K) Tln(—>, asT—0
T

Barles et al. 92, Lamberton 95, in the Black-Scholes model o(K) = oK ; Chevalier
05 for general local volatility o(-).
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Exercise boundary close to maturity

@ 7 : time to maturity.

@ Parabolic behavior /7 with logarithmic correction :
1
x(T—=7)~K—-0(K)y/TIn| =], asT—0
T
Barles et al. 92, Lamberton 95, in the Black-Scholes model o(K) = oK ; Chevalier
05 for general local volatility o(-).

@ Refinements in the Black-Scholes model :

xX(T—-1)~K—-0K Tln(’yﬁ>, as7—0

T

2
where vgs = gZ7. See Evans et al. 02
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Exercise boundary close to maturity

Theorem : as 7 — 0,

2 3 s
where now ¢(7) = —2In (1 + In1 + (Inl ) +0 (In1 ) ) = Bj-r((’r(}g)z

@ Some comments :
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Exercise boundary close to maturity

Theorem : as 7 — 0,
_ v
(T =7) = K =o(K)\[7[in L +(r)]

e
vy

where now ¢(7) = —2In (1 +

g2

@ Some comments :
» 7 is homogeneous to time. It plays the role of a time-scale.
Z)" ~ typical values vgs ~ 4.

In BS model, vgs = & (

S. De Marco, Ecole Polytechnique
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Exercise boundary close to maturity

Theorem : as 7 — 0,

2 3 s
where now ¢(7) = —2In (1 + i+ (lnl ) +0 (Inl ) ) = BZ((;:&)Z

@ Some comments :

» 7 is homogeneous to time. It plays the role of a time-scale.
ag

In BS model, vgs = % (7)2 ~ typical values vgs ~ 4.

> The blue term [-] above can (trivially!) be rewritten as

(2)mor-an (2 (o (2)) cou

~ In(7) is an important correction in front of In ().
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Exercise boundary (Black-Scholes model)

Smile flat=50%, T=1.5Y, Rate=4%
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Exercise boundary in the BS model, 0gs = 0.5, r=4%, K=1, T =15Y
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American put price (Black-Scholes model)

Smile flat=50%, T=1.5Y, Rate=4%
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American put price with flat BS smile ogs = 0.5

Asymptotic and calibr for A i Ecole Polytechnique



Extensions

@ to homogeneous stochastic volatility

dXt = rXtdt + atO'(Xt)th
dat = b(at)dt + V(at)dzt

See end of this presentation for an example
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Extensions (I1)

@ to inhomogeneous local volatility

dX; = rXedt + o(t, X¢)dW,
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Extensions (I1)
@ to inhomogeneous local volatility
dX; = rXedt + o(t, X¢)dW,
» Exercise boundary xT (T — 7) (maturity T, time to maturity 7) satisfies
Xx(T—1)=K —o(T,K) /7 {Ing—&-(b(T)} as T 0
where (again)

2 3
o(t) =—-2In 1+L+<1> +O(i> )
InZ InZ InZ
¥ ¥ ¥

2
and now v = %
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Extensions (I1)
@ to inhomogeneous local volatility
dX; = rXedt + o(t, X¢)dW,
» Exercise boundary xT (T — 7) (maturity T, time to maturity 7) satisfies
Xx(T—1)=K —o(T,K) /7 {Ing—&-(b(T)} as T 0
where (again)

2 3
o(t) =—-2In 1+L+<1> +O(i> )
InZ InZ InZ
¥ ¥ ¥

2
and now v = %

@ Inclusion of dividend rate d # 0.
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American options from Vanillas

From the early premium formula,

i
AT, K) = uT5(0,x) ~ Put(T, K) + rK / Ok PUL(S, Xappron (5))ds
0

» American options from Vanillas in a given local vol model

. T . - .
» up to a numerical quadrature for fo ds, using the explicit expression
Xapprox (5)
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American options from Vanillas (reparameterisation)

@ Recall Dupire's formula from a European implied vol o®% (T, K) :

denote Putlv(T, K) = PutBs(T, K;O’Eur(T, K))
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American options from Vanillas (reparameterisation)

@ Recall Dupire's formula from a European implied vol o®% (T, K) :

denote Putlv(T, K) = PutBs(T, K;O’Eur(T, K))

OrPutyy (T, K) + rK Puty(T, K
(1 PPN P71
§8KKPutIV(T, K)
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American options from Vanillas (reparameterisation)

@ Recall Dupire's formula from a European implied vol o®% (T, K) :

denote Putlv(T, K) = PutBs(T, K;O’Eur(T, K))

OrPutyy (T, K) + rK Puty(T, K
(1 PPN P71
§8KKPutIV(T, K)

(O.Eur)Z + 2T O.EurﬁTo.Eur

T oBur(gBuryr — T2 (pRury)2 4 (1 _ XQUE“)’)z

oEur
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American options from Vanillas (reparameterisation)

@ Recall Dupire's formula from a European implied vol o®% (T, K) :

denote Putlv(T, K) = PutBs(T, K;O’Eur(T, K))

OrPutyv(T,K K Puty(T,K

(7 = PRI P (710
§8KKPutIV( T, K)

(O.Eur)Z + 2T0.Eur6To.Eur

T gBur(gBur)r Tziaf“r)z((aEur)/)z + (1 _ Xgo-Eur)/>2

oEur

@ Allows to write

2
xiv(T =7) = K = 01oe(T, K) | 7 [In 2 — 21n 1+|LT+<|LT>
T nm nm

where
0'10(;( T, K)2

Y7o +— written in terms of ™" ()
r

v =
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American options from Vanillas

Final product : American put in terms of a parameterisation of the European
smile :

T
A( T, K) ~ Putlv(T, K) + fK/ 8KPut1\/(S,XI\/(S))dS
0

Calibration recipe :
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American options from Vanillas

Final product : American put in terms of a parameterisation of the European
smile :

-
A( T, K) ~ Putlv(T, K) + fK/ 8KPut1\/(S,XI\/(S))dS
0
Calibration recipe :

@ Start from a arbitrage—free parametric implied vol surface UE“(~)

» for example, SSVI (Gatheral and Jacquier 14)

Calibrate the (parametric!) r.h.s. above to American option data by least-square
minimization.
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American options from Vanillas

Final product : American put in terms of a parameterisation of the European
smile :

T
A( T, K) ~ Putlv(T, K) + fK/ 8KPut1\/(S,XI\/(S))dS
0

Calibration recipe :
@ Start from a arbitrage—free parametric implied vol surface o™ (*)
» for example, SSVI (Gatheral and Jacquier 14)

Calibrate the (parametric!) r.h.s. above to American option data by least-square
minimization.

@ This produces a synthetic European smile 0" (T, K).
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American options from Vanillas

Final product : American put in terms of a parameterisation of the European
smile :

T
A( T, K) ~ Putlv(T, K) + fK/ 8KPut1\/(S,XI\/(S))dS
0

Calibration recipe :
@ Start from a arbitrage—free parametric implied vol surface o™ (*)
» for example, SSVI (Gatheral and Jacquier 14)

Calibrate the (parametric!) r.h.s. above to American option data by least-square
minimization.

@ This produces a synthetic European smile 0" (T, K).

@ A local volatility o1oc(T, K) can then be obtained via Dupire’s formula from this
European vol surface.
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American options from Vanillas

Final product : American put in terms of a parameterisation of the European
smile :

T
A( T, K) ~ Putlv(T, K) + fK/ 8KPut1\/(S,XI\/(S))dS
0

Calibration recipe :
@ Start from a arbitrage—free parametric implied vol surface o™ (*)
» for example, SSVI (Gatheral and Jacquier 14)

Calibrate the (parametric!) r.h.s. above to American option data by least-square
minimization.

@ This produces a synthetic European smile 0" (T, K).

@ A local volatility o1oc(T, K) can then be obtained via Dupire’s formula from this
European vol surface.

> Advantage : no PDE solver/Monte-Carlo. The only approximation is in the
computation of xpy(-).
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Thank you for your attention
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Local voIatiIity . put price, two maturities

American versus European Put, Rate=4%, American versus European Put, Rate=4%,
. T=1v T=2¥
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American put prices for T = 1Y (left) and T = 2Y (right), local vol
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Local voIatiIity . exercise boundary
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Exercise boundary for T = 1Y and different strikes (left) and T = 2Y (right), local vol
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Homogeneous stochastic volatility

dXt = rXtdt + O'(Xt)atth
dat = b(at)dt + I/(at)dZt

Theorem

d(K, amin|x(7, a), a) ~ \/Tln (%W (dx(K, alK, a)cz(K)a2)2>, =0

where d is the geodesic distance associated to (X, a) and
amin = argmin,, d?(K, a’|x(r, a), a).
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Example : SABR model

SABR model (8 = 1) corresponds dX; = rX;dt + X;a;dW,, da; = va,dZ;,
d{W,Z), = pdt

The previous theorem gives :

v a(1 — p?)

K
h / dx
where g = —_
wrra) T

Corollary

1 1 —qup—ap2+ A/ a% + 2vpvaq + v2q2
— cosh™ = 7ln

¥ 1 1
?"zu—rﬂ)) (”O <|_)>

x(7,a) = K—ao(K)\/TIn (gﬁﬁ)(l—ko(l)), T—0

: _ oK)y
where (again) v = (K-
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American versus Eur. Put, Rate=4%,T=1Y
SABR: alpha=20%, nu=40%, rho=-50%, beta=1
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American put price for T = 1Y (left) and T = 2Y (right), SABR stoch vol model
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